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Abstract

Usual approaches to this problem involve exhaustive algorithmic, or probabilistic, methods.
Moreover, when set as a universally quantified problem, the Collatz conjecture is classified as
undecidable. In the arithmetical hierarchy, it is Hg—complete. This situation motivated the
development of a different approach in investigating the conjecture by using the conjecture’s
results as data. The data is assembled as primitive data structures, which in turn are reassembled
to form more composite data structures that create patterns that gain further insight about the
Collatz conjecture. These data structures are outlined as follows:

Positive integers are viewed in their binary form. The definition of parity is extended by
introducing a concept called multiple parity (abbreviated as m parity). The variable m refers
to the 2-adic valuation of a positive integer. The three plus one operation is shown to be able
to generate all possible m parities.

The ruler sequence (OEIS entry: A001511) is extended to sequences with differing minima
(called ruler harmonic sequences). Next, m parities, of integer arithmetic progressions (with
varying common differences and origins), are classified as either ruler harmonic sequences of
various orders, or constant sequences.

Borrowing from earlier nomenclature: A hailstone function inputs a positive integer and
returns its triple plus 1 (from an odd input), or returns half (from an even input). The initial
iteration is called the seed. Later iterations are called moves. More than one iteration is called
a path. Outputs are called heights. All are used to create these composite structures:

Two-dimensional arrays of paths, called cascades, are assembled to hold data in manifesta-
tions of: heights, offsets (height differences of a given move between different paths), m parities,
and ones-phobic binaries (a bit represents a rise or fall in the height between successive moves).
Paths, of a cascade, all have the same length. Flutes are a power of two subdivision of a cascade
column, whose exponent is set by its move number (29 for the seed column, 2! for the column
of the first move, etc.). At the same relative flute position (from flutes of successive moves),
paths are selected to create a tier. A continuous selection of columns from a tier is called a
region. Regions are classified as either: coherent, ruler harmonic, or dissonant. A coherent
region’s column has identical m parities (and offsets). In the ruler harmonic region, m parities
follow a ruler harmonic distribution. The dissonant region has no simple patterns of m parities.
However, sequences cycle, but at longer cycles for successive columns.

In a single cascade, a row-wise sort of m parities, per column, forms tiers called quilts.
Except for offset magnitudes, tiers within a cascade, have the same properties as tiers among
successive cascades. The structure of a cascade’s quilts leads to establish that all possible
ones-phobic binaries occur, within the confines of the cascade’s dimensions (2" rows by n
columns).

Key Takeaway: By the properties of a ruler harmonic sequence, we show that a sorted and
collated cascade forms a quilt that places limitations on the magnitude and arrangement of m

parities.
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1 Nomenclature Convention For: Arithmetic Pro-
gression and Binary Sequence

Introduced for brevity and disambiguation:

- Let k-N; denote an arithmetic progression of positive integers, with a common
difference of k, and origin i (the k prefix is optional when k = 1).

- Let B,, be a binary string of bit length n.

2 Introduction

2.1 Defining The Collatz Conjecture

Some earlier jargon from the conjecture’s investigation is borrowed here, namely:
height, path, seed, move and hailstone. | | Let hs, € Np be called a height.
A sequence of heights is called a path. The metaphor involves hailstone dynamics
implements an analogy which relates changes in the varying oscillating motion
of a hailstone to the mimicking output of the defining function of the Collatz
conjecture. [ ]

Here, this function is called the hailstone function, its following iterative form
is used to obtain the height of the next move in a path.

[ 3-hsy;+1 ifl1=hs, (mod?2)
hsz i1 = { hsy/2 if 0= hs, (mod 2) (1)

The conditional operation 3 - hs, + 1 is called TP1.

The conditional operation h% is called DV2.

The conjecture raised is: What ultimately happens to height(s) in a path as x of
hs, increases for a given seed value? Specifically: Do all paths for any given seed
eventually attain a height of 17 Is the cycle of 4,2,1,--- the only cycle found in
paths?

The initial height, denoted as hsy, is called the seed | ]. In general an
element of a path is called a move. A move has manifestations which can refer to:
a height (the output of the hailstone function after a given iteration); an m parity
(a short form for the 2-adic valuation of an integer); offset (the difference between
heights from different paths but at the same move; a bit or glyph (which denotes
a change in height, either a rise or a fall). The bit or glyph represents an element
of a ones phobic binary. A ones-phobic binary is used to make visual patterns of
a path’s change in direction more immediately apparent (than would an integer)
This is even evident with the appropriate glyph as seen in Figure 18.

This sans serif font is used to indicate explanatory annotation, or as the introduction
of a concept or (sub)topic.

Next an extension to parity is introduced, called m parities. (Used here for a more
concise working nomenclature for the 2-adic valuation of integers.) This is followed
by the properties of m parities arising from arithmetic progressions with common
differences as one variable and the origin as a second variable .



3 Extending The Definition Of Parity

Definition 3.1 (m parity). Where m is number of consecutive trailing zeros
from the least significant end of the binary representation of an integer in Ny,
which is called it’s m parity (for multiple parity). Note: 0 parity is an integer
with no trailing zeros, I parity is an integer with 1 trailing zero, etc.

Aside: DV2 is not expounded upon here as is TP1. Since each time the DV2
operator is applied to a positive even integer, it simply lowers that integer's m parity
by 1.

3.1 How TP1 Sets Multiple Parity

Here we show how a any given number of trailing zeros (from the binary form of
an integer), can be obtained; by selecting the appropriate input to the operator
TP1.

Note: ?7---? denotes a string of unspecified bits. (They are used as placeholders,
whose contents do not pertain to the immediate discussion).

Below tables of Figure 2 illustrate the result, in binary, after applying TP1 to
an odd positive integer.

Figure 1: Obtaining the First Few Multiple Parities Using TP1

(a) 1 parity (b) 2 parity (c) 3 parity
?2...711 ?...2001 ?---71101
?...711 ?...7001 ?..-71101
?...711 ?..-7001 ?..-71101

B £ 1 i -

X0y R 1T/ T I

(d) 4 parity (e) 5 parity (f) 6 parity

2...200101 ?...7110101 ?...70010101
?...200101 ?...2110101 ?...70010101
2...200101 ?...7110101 ?---70010101
+ 1 + 1 + 1
2...710000 ?...7100000 ?..-71000000

Ellipsis located in between specified bits denote repetition. The specified bits
immediately preceding this ellipsis repeat. Any ellipsis immediately above (or
below), another ellipsis repeats it’s preceding bits the same number of times.



Figure 2: Why an odd input to the TP1 operator always leads to an even result.

m 771
2m ?7-.-710
+ 1
3m+1 7.--710

Figure 3: TP1 Inputs That Form Even m parities

?...7001 Using the top augends from Figures:
?7..-700101 1b, 1d and 1f. The leading pair of specified
?...70010101 bits is always 001, and that 01 is appended to

- get the next entry. The bottom row illustrates

?...2001---01--- 01: the generalization of m parity (even).

Figure 3: TP1 Inputs That Form Odd m parities

?...711 Using the top augends from Figures: la, 1c
?-..71101 and le. Note that the leading pair of specified
?7...7110101  bits is always 11, and that 01 is appended to
- get the next entry. The bottom row illustrates

20 9190101 01‘ the generalization of m parity (odd).

Figure 4: How any magnitude of even or odd m parity can be Obtained From
TP1

(a) Showing that an entry
of Figure 3 has m parity. (odd)
(h = height)

h ?...71101---01---01
2h  ?.--711010---10---10
+ 1

(b) Showing that an entry
of Figure 3 has m parity. (even)
(h = height)

h Por< o TOHTL o 0 o (0FL < o o
2h  7---70010---10---10
+ 1

3h+1 ?7-..7100000---00---00

3h+1 ?7...7100000---00---00



4 The m Parity Distribution Pattern From Posi-
tive Integers

That is, how the distribution pattern of m parity values occur, as yielded by Ny,
and the infinite subsets of N;. (Specifically, the arithmetic progressions & - N;.) Of
interest here is how varying i and k affect the resulting m parity distribution so as to
classify them. First we look at only the frequencies of m parities in Ny integers. Then
we look at how these m parities are distributed within the sequences.

4.1 Frequency of a Given m Parity in Consecutive Integers
(Binary, Bit Length n)

(The plain binary is not to be confused with a ones-phobic binary.)

Lemma 4.1. By definition of m parity, (m+k) parity has k more consecutive
trailing zeroes than m parity. Let both of the above be in the set B,,. That is, both
have the same number of bits in total. Where, B, contains all of the consecutive
integers from 00---00 to 11---11 (All possible bit values in a string, or sequence,
of length n.)

Proof. Since, m parity specifies an m number of consecutive trailing zero bits
with the leading end demarcated by a set bit or 1. There are m + 1 specified
bits. Conversely, there are n — (m + 1) unspecified bits in B,,. Thus, there are
2[n=(m+1)] yalues of B, having that m parity.

Similarly, there are n — (m+ 1+ k) unspecified bits for the ones-phobic binaries
in an (m+k) parity in B,,. Also, there are 21"~ (m+1+k)] yalues of B, having (m+k)
parity. Taking the ratio of these amounts:

9[n—(m+1)] .
e = 2 (2)
9[n—(m+1+k)]

Consequently, there are 2¥ times as many ones-phobic binaries having m parity as
there are having (m+k) parity, (in B,,). O

4.2 Ruler Harmonics

Definition 4.1 (ruler harmonics). Let indices refer to an interval of consecutive
positive integers k - N; (arithmetic progression). More specifically, let the indices
range from 7 to i + 2", such that ¢ > 1 and n € N;. The index length is arbitrary
but must be at least two. (The reason for this covered in Section 5.3). A length of
2" will contain a segment which repeats every 2™ elements, with the exception of
the transversal. (explained in Figures 28 and 27). Now focus on the m parity of
these indices. The odd indices have an m parity of zero. At a given even starting
point, every second index has at least a 1 parity (the even integers). At the same
starting point, each fourth value is at least 2 parity. Similarly, each eighth value
is at least 3 parity. In general, each 2" th value is at least k parity; etc. (This
is proved in Lemma 4.1.) The exact distributions of m parities in the sequence
depends on the origin of the range looked at, here labeled as i. A bar chart can
be drawn to illustrate a spatial pattern. (Look at Figure 7) Here, the length of
the bars correspond to the degree of m parity. The placement of bars of a given



length are reminiscent of scale marks (on a ruler). This is why the term ruler
harmonics is used to describe the frequency distribution pattern, over a given
range of positive integers.

Note: Ruler harmonic sequences are primarily derived from indices, namely an
arithmetic progression that is a sub-sequence of N;. Ruler harmonic sequences can
be indirectly derived from elements of the dissonance start column of a tier. Here,
instead of cascade offsets, tier offsets are used. Tier offsets still form arithmetic
progressions, albeit with a different common difference, which still lead to a ruler
harmonic sequence. (Refer to Section 12. Ruler harmonic sequences can also be
indirectly derived from the beans of a tiara. (Refer to Section 13.)

Definition 4.2 (ruler subharmonics). Subsets of Nj, namely 6™ - N;, where
n > 2, can also form a pattern similar to ruler harmonics, defined here as ruler
subharmonics. These are illustrated, with their own colours in Figure 7 and
Figure 30. Note, ruler harmonics exhibit the self symmetry property, in particular,
scale invariance (zoom out only dilation).

Definition 4.3 (order, of a ruler harmonic series). The order of a ruler harmonic
series is the magnitude of the smallest element(s) in the series. For an example
refer to the note in Figure 7. Note: ruler subharmonics is a generalization of all
ruler harmonic series having an order greater than zero.

A ruler harmonic series of order k is abbreviated as: rhsk. Note: To distinguish
that the superscript is an order, of the ruler harmonic series, and not an exponent;
the superscript is underlined. Addition can occur with superscripts but they do
not have the properties of exponents: rhst+? # [rhsk]?

4.2.1 Deriving Ruler Harmonics in Positive Integer Arithmetic Pro-
gressions.

Theorem 4.2. A an arithmetic progression k- N; , where k =1 and k € Ny
which as indices, will have their m parities follow ruler harmonics. The origin, of
the index range is arbitrary, but > 1. The length of the index range is greater than
1.

Proof. Regard Ny (as binary). To obtain the next successive integer a 1 is added
to the current integer. In binary addition, a lesser significant bit, 0 is replaced
by a 1. While a 1 is replaced by a 0, with a 1 to carry to the next significant
bit. Repeatedly adding 1 effectively creates a binary odometer. Where the lesser
significant bit toggles between 0 and 1, twice as often as the next more significant
bit, etc. Consequently, m parity frequency in Ny (binary), halves with each
increase in m parity. This explains the ruler harmonics for m parity, as illustrated
in Figure 7. This argument is corroborated by Section 4.1, to establish ruler
harmonics in integers. O

5 Classifying Sequences With Respect to Their m
Parity Distribution Type

We next need to look at what happens when we select every nth term in a ruler
harmonic sequence. So we tabulate the categories of relevant sequences in terms



of sequence notation. ! A function called mp is introduced to disambiguate the
term ruler function (which is used to generate either sequence A007814 or sequence
A001511 in OEIS) 2.

The mp function acts upon an index (the input). The index (€ k- N,), must
be an arithmetic progression. The index origin must be ¢ > 1. Also, the common
difference must be k£ > 1. Function mp returns the m parity of m € N;. Source
code for function mp is shown in Appendix G. These index derived m parity
sequences are distinguished into two categories:

1. A constant sequence, with constant k (from n € N;), is denoted as csk.

2. A ruler harmonic sequence of order k (from n € k - N;), is denoted as rhs®.

5.1 The Frequency Distribution of m Parities in an m Parity
Sequence

The frequency distribution of rhs®, k € Ng, is a mapping of the elements in rhs,
enumerated by m parity, to a powers of two distribution.

Remark 5.1. Given two m parity sequences, each finite but arbitrarily large
(approaching infinity), in length. Let the first sequence be cs® and the second
rhsftl. Then the combined m parity frequency distribution of both sequences will
approach the m parity distribution of rhsk. Why? There is a bijective mapping
between each m parity of rhs® with the combined sequence pair of csk, rhsktl.
Since, by definition, & is the minimum in rhs® and &k + 1 is the minimum in rhs®+1.
Then, combining cs® with rhs®*!l introduces a new minimum k to the combination.
Where rhs®t! maps to every m parity in rhs® except for the minima k. However,

this is accounted for by mapping the minima k from cs&.

5.2 Sequential Ordering of m Parities in an m Parity Se-
quence

Not only does the frequency distribution of m parities matter; the sequential
ordering of m parities in a given sequence also matters. To verify ordering of a
given sequence we can compare it to the standard sequence, denoted as S. Now S
is generated, by the function mp, from an index, called the main index, which is
N;. (This is by Definition 1 an arithmetic progression whose origin and common
difference is 1.) The resulting S is a ruler harmonic sequence of order zero. In other
words, the contents of S is the the 2-adic valuation derived from the monotonic
increasing ordering of n € Nj.

By design®, we overload the < relation, restricting it’s application to S, csk,
and rhsk, since we are only concerned with the following distinctions:

i. We say two sequences are < to each other, when both are ruler harmonic
sequences; and the sequence to the left of the relation, <, is equal or higher

r ~?

in order than the sequence to the right of that relation.

Crhs® T2 < phft < ph® <SS such that noe N (3)

ISequences are denoted by sub-scripted parenthesis ();en-

2THE ON-LINE ENCYCLOPEDIA OF INTEGER SEQUENCES?®, founded in 1964 by N.J.A.
Sloan, https://oeis.org

3By convention, whenever A is a subsequence of sequence B. The relation of A to B, being a
preorder, is denoted as: A < B




ii. A constant sequence, csk, can still be < to another constant sequence even
b b) ~

if each sequence contains different constants, and /or lengths.

iii. We only distinguish between a constant sequence and a ruler (sub)harmonic
sequence of any order.

Then always in this context:

cs® € rhs®  such that n € Ny (4)

The standard sequence is written as:

s = (mp(n)) (5)
neENy
Where by definition,
rhst < 8 such that n € Np. (6)

Also by definition,
cst €. (7)

5.3 Requirements Needed to Determine if a Sequence is a
Ruler Harmonic Sequence

First the sequence to be matched must be derived from an index (that is an input
to the mp function). The index must be an arithmetic progression whose length
is at least two. Apart from the minimum length stipulation, the definition for
rhsk does not have any other specific length restriction (a defining property rhsk,
refer to Section 4.2). The minimum length requirement ensures that sequence
being matched will contain at least one minimum. A ruler subharmonic sequence
requires that every other (second), element in the sequence be an m parity minimum.
(Sub)sequences can match anywhere along the standard sequence. The term match
means that a subsequence exists in a larger sequence.

5.4 Procedure to Determine if a Sequence is a Ruler Har-
monic Sequence

We can establish whether a given sequence A is, or is not, a ruler (sub)harmonic
sequence. (Proviso: A must be generated from an arithmetic progression that
is the index [input], to the m parity function.) Let k be a global minima in A.
Convert A to a zero order ruler harmonic series by performing an element wise
subtraction of k from A. Call the result W.

How to check if W < 8.

i. Find the location of the first overall maximum in W. Call this location, mw
(the distance from the origin of W).

ii. Let piv be a distance to the origin of an element in S. Let piv always point
to a location in S whose element has the same value as the value pointed to
by mw. Set piv to point to the first such location in S.



iii. If piv < mw, find and reset piv to point to the next location residing in S
whose value is the same as the maximum in W.

iv. Repeat (iii.) until the piv > mo.

v. Now all of the elements of W can be compared with a subsequence of S that
is the same length as W.

vi. If an ordered pairwise comparison of W with that subsequence of S shows
pairwise equality then, in this context, we say that W < 8.

Then we can say that A is a ruler harmonic series of order k.

Note: adding a constant positive integer, ¢, as an m parity, to each element of
a ruler harmonic (sub)sequence, of order k, yields a ruler harmonic (sub)sequence
of order ¢ + k. (By definition 4.3.)

An example using a builtin method for matching a substring to a longer string
is shown in G.1.2 of Appendix G.

6 Fundamental Property Of m Parities

First an identity is established.

Theorem 6.1. Let the constants be: a,b € Ny. Then:

mp(a - b) = mp(a) +mp(b) ®)
mp(}) = mp(a) — mp(b) ©)

Proof. The property of 8 is established by using the binary form of an integer
along with the property of binary multiplication. Specifically, the sum of the
trailing zeroes of two binary numbers is the number of trailing zeros in their
product. Trailing zeros can be factored out of a number as a power of two. Since
the exponents of a power of two are the constituents of an m parity. We can use
the identity:

a2” - b2¥ = ab2* 1Y (10)

Re-writing the exponents of identity 10 in terms of the mp function yields
equation 8.

By similar reasoning, going in reverse, multiplication can be replaced by division.
Since the exponents of a power of two are the constituents of an m parity. We can

use the identity:
a

a2® - b2Y = b Z Y (11)
Re-writing the exponents of identity 11 in terms of the mp function yields equation 9.
O

Corollary 6.2. A special case. From equation 8, let a = 2*. Then:

mp(2F - b) = k + mp(b) where constants k,b € Ny (12)



Proof. Let a = 2 in equation 8. This forms:
mp(2F - b) = mp(2F) + mp(b) whose constants are b and k € Ny (13)

Now mp(2F) is the number of trailing binary zeros in 2*, which is k. Then
equation 13 becomes equation 12 O

7 Fundamental Properties of m Parity Sequences

First: we look at multiplication by 2¥. Second: we look at what happens to the m
parities of a sequence, when the origin is changed. Then examples are used illustrate
the derived results.

7.1 Effect of Varying Origin and Varying Jump Increment,
on rhst

Theorem 7.1. Let n be an element of the main index. Let j be the index origin,
k the order in rhs®. The function mp is described in G. Where j,k € Ni. Then
the origin determines whether the m parity series is a ruler harmonic series or a
constant series. That is:

(2’€ -mp(n)) < rhs® if0=5 (mod k)

neN;

(2’€ -mp(n)>neN’_ <0S if 05 (mod k)

Proof. The proof is subdivided into the following subsubsections:

7.1.1 Multiplying by Two to the Power of n

Sequentially, multiplying an index by 2Y increases the number of trailing zeros
(m parity), of each element, by y. That is, the series 7hs® when multiplied by 2*
yields the result is rhs®™¥. (By the property of equation 12.)

7.1.2 Changing the Origin in a Ruler Harmonic Sequence of Order 0

Changing the origin involves adding a positive integer, the new origin, to each
element of the index. Adding a non-zero constant to each index element of
rhs? is the same as selecting a subsequence of rhs? starting at that new origin.
Alternatively stated, rhs? is truncated to the new origin. By definition 4.1, the
new subsequence is still of the type rhsQ.

7.1.3 Changing the Origin in a Ruler Harmonic Sequence of Order k

Suppose, instead we have a rhsE, then each index is composed of an odd factor
and a even factor of 2. (This being the trailing zeros common to every index
value.)

Adding an origin to an index element, of rhs® can set the m parity series type in
two ways.



7.1.4 m Parity Clamp

There exists an m Parity Clamp if the origin addend is less than the 2" factor.
Look at the integers in binary form (in Figure 5a). If the least significant 1’s bit
position, of the origin addend is of lesser, or equal, significance than the most
significant zero of the 2™ factor of the augend; then the least significant 1’s bit
position of the origin addend sets the m parity of the result. Moreover, this origin
addend sets (clamps), the m parity of each element in the resulting series. Since
each index value, the augend, has more trailing zeros than the addend.

Since the origin addend has a lower m parity than the index augend; the index
origin j can not divide into k, the order of rhsk. Then the condition of no clamping
can be expressed as:

0#j (mod k) where j, k € Ny

Since clamping sets every m parity of a sequence to the same constant value,
this can be written as:

(Qk -mp(n)) <CS provided 0#j (mod k) and j,k € Ny (14)

neN;

Figure 5: Generalization (in Binary): Adding an Origin to an Index

index:
origin: (a) Clamping (b) No Clamping
?...7100---0 ?...77100---0
+ 7...7710---0 + ?7.--71000---0
— 7...7710---0 — 7...77100---0

7.1.5 No Clamping

The elements of sequence rhs® can be factored into two series of factors: rhs? and
the constant series (2’“), where k € N. This is done by element-wise application of
the property from equation 12. In the series of Figure 26 these two factors are
highlighted as different coloured columns. The factors forming a constant series,
here as 2!, is illustrated as a column of least significant zeros is highlighted in gold.
The columns forming the rhs? factors are highlighted in increasing significance as:
red, blue, and violet.

When, the origin addend has a greater, or equal, m parity than index augend,
then no m parity clamping by the origin addend occurs. In essence the origin
addend is only added to the rhs? factor, while skipping over the (Zk ), factor. The
result is the same as in Section 7.1.2.

Since, the origin addend is of higher, or equal, m parity than the index augend;
the index origin j divides into, k the order of rhsk. Then clamping can be
paraphrased as:

0=j (mod k) and 7,k € Ny

10



Now looking just at the rhs? factor: Adding a constant, j, to rhs? changes the
origin of the sequence, as in Section 7.1.2, the result is:

(mp(m) (15)

neN;

Re-introduce 2" by multiplying this factor to each term of 15. Then definition 6
yields:

(2’C ~mp(n)> < rhst provided 0=j (mod k) and j,k € N; (16)

neN;
U
7.2 Multiplying a Sequence By an Odd Positive Integer
Theorem 7.2. If (mp(n)) < rhst, then (pk : mp(n)) < rhsf, where p
neN; neN;

is an odd positive integer.

Proof. Switching to binary mode. When repeatedly adding a positive integer an odd
number of times the least significant ones bit will remain at the same placeholder
(highlighted in red, look at Figure 6).

Figure 6: Multiplication by and Odd Integer, Leaves m parity Unchanged. (Shown
as Repeating an Odd number of Additions of a Binary to Itself)

(a) n parity (b) 0 parity
?2...7210---0 2...71
odd number of additions odd number of additions
?...?]0...6 ?...?1.
+ +
?2...710---0 ?2...71

Consequently, sequentially multiplying a sequence by an odd positive integer
leaves the m parity of the sequence unchanged. O

7.3 An Index Advance by 3*

Let j,k,n € Ny also k can be equal to zero.

(mp(3k -n))n:j = (mp(3k) + mp(1* ~n))n=j (17)
= (0 + mp(1* ~n))n:j since 3% is odd (18)
= (mp(n))n:j < rhs? (by Section 5) (19)

The rationale for equations 17 through 18:

11



(17) By equation 12.

(18) Now 3% is odd since the product of its factors is odd. Then sequentially
multiplying a sequence by 3* leaves the m parity of the sequence unchanged.
That is, the 3¥ term adds in an m parity of 0. (by Lemma 7.2)

(19) Note: changing the origin does not affect the sequence order or sequence

type. Section 7.1.2. The relation is defined in equation 5 and equation 6.

For an example, look at Appendix F.2.

7.4 An Index Advance by 6"

Since 3* is a composite of the factors 1¥ and 3%, the properties of these factors
determine the sequence type:

Let j,k,n € Ny also k can be equal to zero.

(mp( ) = (mp(2¥3F - n )n _ (20)

0+ mp(2 )) ' since 3% is odd (22)
mp(2 ) _ < rhs® if0=j (modk) (23)

or (mp ) <cs 0% (modk) (24)

The rationale for equations 21 through 24:

(21) By equation 12.

(22) Now 3% is odd since the product of its factors is odd. Then sequentially
multiplying a sequence by 3* leaves the m parity of the sequence unchanged.
That is, the 3¥ term sequentially adds in an m parity of 0. (by Lemma 7.2)

(22) Sequentially multiplying a sequence by an even positive integer, adds k to the
parity of the sequence (it’s order). The addend to the parity, k, is introduced
by factoring out 2™. (By Section 7.1.1)

(23) Varying the origin of an rhs® will either leave the order of the sequence
unchanged or convert it to a constant sequence. This depends on whether or
not the origin m parity clamps that sequence. (refer to Section 7.1.4 and
Section 7.1.5)

(24) A defining property, refer to Lemma 7.1.

For an example look at Table 12. Here, the origin corresponds to a row entry

that is either rhsl or ¢s2.

12



7.4.1 How a Sequence Transitions From Being Clamped to Being Un-
clamped

Consequently, An arithmetic progression, whose common difference is 6, used as
an index to mp will either be: rhs® (if no clamping occurs), or C'S (if clamping
occurs). By equations 23 and 24.

Sequentially dividing an m parity sequence by 2 reduces one trailing zero from
each sequence element, provided m > 1 (recall equation 9). For the following, refer
to Sections: 7.1.5 and 5a. The series index common difference 6% can be factored
into 25*1 and 3*. These factors can each designate a series of their own.

7.4.2 Sequence Transition From Clamped to Un-Clamped (Illustrated
in Binary)

In the series of Figure 26 these two factors are highlighted as different coloured
columns. In this figure, the factors forming a constant series, is the factor sequence
2! illustrated as a column of least significant zeros (highlighted in gold). The
columns forming the 3* factors are highlighted, as bit pairs, in increasing signifi-
cance as: red, blue, and violet. Here, the origin is 6. Applying the condition to
determine clamping (from Lemma 7.1) yields: 0 = 6 (mod 6), which indicates no
clamping. Yielding the series: rhsl. Figure 26 shows what the order of the series
rhst looks like.

Returning to the generalization of using 6* as an index common difference.

Upon division by 2 the least significant 1’s bit position, of the origin addend,
becomes closer, in significance, to the 3* factor series. Eventually after repeated
division, the least significant 1’s bit position, of the origin addend, is inside, in
terms of significance to the 3* factors. Once inside, the 3* factors, the least
significant 1’s bit position no longer clamps the sequence (by Section 7.1.5). Then
the previously clamped sequence transforms from a constant sequence to a rhsk
sequence.

Summarizing This Section With Concluding Remarks

Remark 7.1 (Generating, Constant or Ruler Harmonic, Sequences From Powers
of Six). Begin with an index generated m parity sequence. (That is generated
from an arithmetic progression j - N;, with j = 6™, and n, 7,5 € N;.) Even if this
sequence is a constant sequence. That is of the type cs, recall k is the order which
is the m parity (the number of trailing zeros). Continued division by 2 (on the
entire sequence), will eventually yield a cs? sequence, whose index is an arithmetic
progression where the common difference is 3%, k € Ny, since the 2¥ is factored
out. For the next move, instead of DV2, TP1 is applied to each sequence element.
Ultimately, this yields rhs? (by equation 19).

Remark 7.2 (Division of Ruler Harmonic Sequences by 2™). Division by 2" (where
n € Np) is allowed when performing division on rhs®, only when k > 0. Moreover,
division by 2™ is deemed to be undefined, the resulting series can not have a lower
order than rhs?. (Related: Remark 9.2)
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8 Cascades, Seed Ranges, Flutes, Offsets, and
Tessellation

8.1 The Cascade

Figure 8a is an example of a cascade (a two dimensional array consisting of
vertically aligned flute(s), in each column). The focus now is on what happens
when the columns are traversed.

Whether they show heights, m parities, offsets, or ones-phobic binaries; cascade
columns are labeled by their move, as follows: A column of seed values is column 0.
The column of the first move is column 1. The column of the second move is column 2,
etc.

8.2 Seed Range

Definition 8.1 (seed range). Within the seed column (the first column labeled
0 of Figure 8a), the difference between successive seed values is called the seed
range. Between successive even values (or successive odd values), the seed range is
2, denoted as:

Ar =2 (25)

8.3 Flute

Definition 8.2 (flute). The length of a flute is a seed range that is a power of 2.
Flutes are demarcated by a thicker coloured border as shown in Figure 8. A flute
is half as long as the one in the column to the right of it. Column-wise flutes can
immediately follow each other (without gaps). However, they do not overlap. A
horizontal collection of progressively longer flutes is called a pan flute template or
Q template as illustrated in Figure 8a. (The tops of these flutes align at a single
row. Flutes are shown as thicker cell borders illustrated with colours that vary
column by column refer to Figure 8b).

8.4 Offsets

Definition 8.3 (offset). Within this context, an offset refers to the difference in a
pair of heights. Where, both heights are in successive flutes of the same length
(within a column). More specifically, each height is in the same location, within
their flutes, relative to the top their flutes. (That is, having the same phase shift.)
Both sub-figures of Figure 11, are used for the following example:

Refer to the Cascade of Heights diagram of Figure 11 column 3, row 7.
The height is 34. In the same corresponding position (phase shift), within the
next lower flute of column 3 row 15 the height is 70. The difference in heights
is 70 — 34 = 36. The result is recorded in column 3 row 15, from the adjacent
diagram Cascade of Offsets. Note: Flutes are delineated by borders with a
disparate colour, to better distinguish flute lengths for each column.
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Types of element tessellation among column-wise flutes are illustrated using icicles
within landings (constant sequences), and traversals within landings (ruler harmonic
sequences). The following section takes an algebraic approach using interleaving
arithmetic progressions whose m parity sequences are either constant or ruler harmonic.

9 Placements and Landings

9.1 Using Modulo Arithmetic to Generate Ruler Harmonic
Sequences

The main reference in this section is Figure 28, this figure is explained by a key which
is shown in Figure 27.

The m parity for an integer in N; can be obtained by using modulo arithmetic.
Specifically, counting the number of divisors of successive powers of 2 starting
with an exponent of 1. Since the number of trailing zeros of an integer is also the
number of powers of 2 that divide that integer. Refer to the notes of Figure 28.

When evaluating the remainders, for a given modulus, of successive values
of Nj, the resulting a least residue system will tessellate. Why? For succeeding
integers, every time a multiple of a modulus is reached the remainder is repeated
(by the property modulo arithmetic).

Suppose an output of row-wise tessellating least residue systems based on
(mod 2™) are arranged as rows in an array (one row for each exponent n). Refer
to Figure 27.

Note that all ordered least residue systems contain a remainder of zero, (due
to the analogue clock property of modulo arithmetic). In other words, since the
index is monotonically increasing by a constant factor, landings can be shifted
(translated) along a sequence; such that the last placement of a landing is zero.

Theorem 9.2 (Changing Landing Boundaries Along an m Parity Sequence, by
Translation).

Suppose there are contiguous landings of equal length of 2%, € N; partitioning
an infinitely long m parity sequence. Within each landing, the number of disparate
m parities (represented as identical icicles, including their traversal), will remain
the same, provided the landing length of 2¥ where & € Ny, is kept the same
everywhere along that sequence.

Proof.
The translation property of the congruence relation is:

a+c=b+c (modn), where cisany integer (26)

Let a — b be the length of a landing which is the modulus n. Let a be the index
value at position ¢ within a landing. Let b be the index value at the same relative
position ¢ within the next landing. Then, even while repeatedly being incremented
by ¢ =1, a and b have a common remainder. Consequently, the placements as a
least residue system, tessellate from landing to landing. Observe tessellation along
any (mod n) row in Figure 28.
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Placement tessellation allows for the following: When a landing is translated
(shifted left or right), by one move, along a (mod n) row, a placement’s value that
is lost at one end of a landing is introduced at another end of that landing. Regard
several contiguous landings as a block. Then placements, as several successive
least residue systems, tessellate as a block. Similarly, when a block is translated
by one move, the placement’s value that is lost at one end is introduced at the
other end of that block.

An icicle sector is delimited by contiguous rows containing blocks of landings
that are confined within the span of the pivot row. The landing length within
contiguous rows ranges in this order:

(mod 2'), (mod 2%),---, (mod 2")
Here 2" is the length of the landing within the pivot row.

For an icicle sector (Figure 27), when the remainder is zero and the zero
remainders line up (at the end of a landing), the formation is called an icicle (also
shown in Figure 28).

Just as translation occurs individually among landings and blocks along a row.
The translation can occur simultaneously among rows, provided landings align
with blocks containing shorter landing. (Two landings align with a twice as long
landing in a subsequent row.) Then an icicle formation will tessellate from one
icicle segment to the next. Although the length of the transversal varies from one
icicle sector to the next. (The length being the m parity at the associated index.)
Notice that the distance between traversals is the length of the pivot landing. For
the moment we are only concerned with the length of the traversal up to and
including (but not past), the pivot landing. In this way we can say that the icicles
along with the traversal tessellate from one icicle sector to the next. Shifting
simultaneously all landing boundaries within the icicle segment while keeping their
lengths the same is a translation. Enough shifts will move the relative position of
a traversal within a landing (from end to the other). A leading icicle (or traversal),
of a given length (within the confines of the icicle sector), would disappear from
one end of the icicle sector but would reappear at the other end. This process
maintains the same number of disparate icicles or traversals within an icicle sector
(provided the span of the icicle sector is a power of two). The length of an icicle
(or traversal), is the m parity of the associated index for the residing column.
Therefore, the number of disparate (unique in m parity) values remains the same
for a given fixed span of 2" where n € N1, regardless of where that span lies along
the rhst. O

Theorem 9.3 (Enumeration of the Number of Disparate m Parities Within a
Power of Two Seed Range (Along a Ruler Harmonic Sequence of Order One)).

Given an icicle sector with a length, or seed range, of Ar = 2F where k € N;.
This icicle sector will contain icicles with a traversal that define k + 1 disparate m
parities.

Proof. Doubling the icicle sector span, Ar, introduces a new row with a pivot
landing twice as long as the previous pivot landing. One of the two traversals will
not reach the new pivot landing. It will be classified as an icicle, increasing the
icicle count. The other traversal will reach or go beyond the new pivot landing.
Then the traversal count stays the same. This is due to the property of rhsY.
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Since: By definition of rhsY every 2nd m parity is a 0 parity, every 4th m
parity is a 1 parity, every 8th m parity is a 2 parity. In general, every (Qk)th m
parity is a (k — 1) parity. Then a landing of Ar = k will contain the following
m parities: 0,1,2,---  k,t. Where ¢ (the traversal occurs once), and 0,1,2,--- ,n
(are the icicles).

Since the other introduced icicles due to the doubling of the icicle sector span
are the same length, as those in the landing of half size, they are not counted
towards the total number of disparate icicles (whose lengths represent m parities).
The number of traversals stays as 1. Then in general, the number of disparate m
parities for a given landing length of Ar = 2% is: k + 1. O

Theorem 9.4 (Enumeration According to m Parity Within a Seed Span of 2¥). For
k € Ny. There are 2¢=1 0 parities, 2872 1 parities, 2¥=2 2 parities, --- 1 (k + 1)
parity; within a span of 2F.

Proof. The following criteria are used to enumerate the frequency distribution of
each disparate m parity in a span of 2¥, such that k € Ni:

i. Given that within a span of 2¥, such that k& € N; the number of unique m
parities is k + 1.

ii. For a span of 2%, such that k& € N; the frequency distribution is as follows:
A successive (m + 1) parity has half the frequency as the previous m parity.
(This is a defining property of ruler harmonics Section 4.2)

iii. The right hand side of the following powers of two sequence is used to find the
frequency distribution of m parties for the given span of 2¥, such that k € N;:

1+ zn: 201 =2
i=0

Using criteria i through iii yields:

For k € Ni. There are 2¥~! 0 parities, 2°=2 1 parities, 2¥=2 2 parities, --- 1
(k + 1) parity; within a span of 2¥. (Illustrated by example in: Figure 28) O

Here a remark is used to encapsulate several theorems, to be referenced later as a
single remark.

Remark 9.1 (m Parity Enumeration With Regards to Sub-Sequence Span and
Translation). Combining the results of Theorem 9.2 and Theorem 9.3 yields
the following: Given a sub-sequence W where W < S with W having a span
of 2%, such that & € N;. Then, these properties hold: W has k + 1 unique m
parities. In particular, for these m parities, m € 1,2,3,---  k, (k+ 1) (that is the
consecutive integers from 1 to (k + 1).

Here, (k + 1) is the magnitude of a traversal and the number of unique m
parities, which holds wherever W is located along S.

Also, for k € N;. There are 2~! 0 parities, 2572 1 parities, 2¥=3 2 parities,
-++ 1 (k + 1) parity; within its span of 2*.

This is also inferred by the self symmetry property, specifically scale invariance
(zoom out only dilation), of ruler harmonics. (definition 4.2) For a visual example
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look at Figure 7 one sub-range (the seed range from 2 to 32), of this diagram is
illustrated in Figure 15 (space permits the inclusion of 0 parities here, which were
omitted by space constraints in Figure 7).

This sub-range is included in diagram 12 look at the 5 parity, at the second
column from the left with the seed value from 106 to 126 (sorted cascade only).

Remark 9.2 (m Parity Properties Involved When Changing The Common Difference
of an Arithmetic Progression). Dividing an arithmetic progression by 2* decreases
the common difference by 2¥. (Refer to Lemma 9.1 specifically the DV2 part).
Multiplying an arithmetic progression by 2* increases the common difference by
2%, (Refer to Lemma 9.1 apply a similar approach as in TP1 except use 2*.)

Multiplying the index of a ruler harmonic sequence by 2*k will change the
order of the ruler harmonic sequence by k. (Refer to Section 7.1.1, specifically
Theorem 6.1 and Corollary 6.2.) Therefore, changing the common difference of
an arithmetic progression by 2%k changes the order of a ruler harmonic series
by +k, provided the order does not drop below zero. Here division by 2 is only
defined for even integers greater than zero. Changing the common difference, of
an arithmetic progression whose m parities form a constant sequence, leaves the
constant sequence unchanged. (Here, a finite sequence length is not taken into
account. )

To illustrate by example: Look at Figure 27 and Figure 28, traversals (by
design in demarcation), are located last within a landing. The order depends on
the landing length. The common difference, § = 2*, can be viewed as the landing
length; since one traversal is selected from each successive landing. Observe that
selecting the traversal from successive landings forms a ruler harmonic sequence of
a given order.

For examples illustrating the order of kth selected ruler harmonic sub-sequences
refer to Figure 7 and Figure 29.

9.5 Illustrating Inter-Flute Tessellation In a Cascade

Column-wise inter-flute tessellation is more readily comprehended with diagrams.
First compare the Cascade of Heights and the Cascade of Offsets diagrams in
Figure 11. Note the columns which are equidistantly delineated into flutes. Move
0, (or column 0, in these diagrams), is the seed value column. The seed value
column being N; manifests as rhs? (refer to Section 7.1).

Then landings and traversals can be utilized when describing column 0. The
concept of landings and traversals are developed in the comments of Figure 27
and Figure 28. Landings are also mentioned in the comments of Figure 29.

In Figure 11 the orientation of landings is columnar and part of a cascade; these
landings are now referred to as flutes.

9.6 Why Cascade Flutes Tessellate Column-wise (With Re-
spect to Their Constituent m Parities).

The m parities do not actually tessellate column-wise from flute to flute. However,
when looking at the arithmetic progressions that represent the phase shift congruent
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m parities (column-wise), the sequences of a given type (whether rhs of cs) and
specified by order do tessellate. This is later shown in Table 2.

Since m parities of the seed column follow rhs? (by Section 4.2.1). The m
parities tessellate as described in Section 9.5. The m parities in the column for
the first move are determined by DV2 or TP1 operations on the previous column.
When either of these operations act on an arithmetic progression with a common
difference, the result is also an arithmetic progression with a different common
difference, as shown by:

Lemma 9.1. Beginning with an arithmetic progression having a common difference
of Ah. If exclusively either DV2 or TP1 operators are applied, then the result is
in turn an arithmetic progression with the following common difference.

Proof.

Using DV2, as an iterative form:

hi
hiy1 = 5

Evaluating the change in h (the common difference of the resulting arithmetic
progression).

h;
Alhirn) = A(3) (27)
1
= =-Ah; (28)
2
Applying DV2 to an arithmetic progression, of even values, results in another

arithmetic progression whose values and common difference are decreased as shown
by equation 28.

Using TP1 (as iterative form):
hiy1 =3(hs) +1

Evaluating the change in h (the common difference of the resulting arithmetic
progression).

A(hiy1) = A(3h; +1) (29)
= 3(Ahy) + Al (30)
=34 (31)

Applying TP1 to an arithmetic progression results in another arithmetic pro-
gression whose values and common difference increased by equation 31. O

As such, the origin of an arithmetic progression determines the m parity series
type. When the origin ¢, has the property ¢ = 0 (mod 0), where ¢ is the common
difference. The series type is rhs®. When i # 0 (mod §) then the series type is
cs®. (The reasoning for this is explained in Lemma 7.1.)

Note that the sequence of offsets contained in a flute form a periodic pattern

(observed in Figure 8). This pattern is repeated in the flutes of the same length
that are consecutively tiled column-wise end to end (from below the first template
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flute). Note: Only the offsets in the Q template need to be evaluated using
equation 1, with the method shown in Section 8.4. To save on computation, the
remaining offsets from the Q template flutes are copied to the next successive flute
(going column-wise). This is allowed because the contents of each flute tessellate
column-wise.

For disambiguation, the phrase “standard parity” is introduced. It is restricted to
the dictionary entry of parity, and is not a general term for all other types of parity
mentioned here. Moreover, standard parity is specified as either: even parity (trailing
zero(s)), or odd parity (no trailing zero(s)).

9.6.1 Generating Arithmetic Progressions For the Column of the Next
Move

Column 0 is partitioned by standard parity into two arithmetic progressions. Even
parities are acted upon by the DV2 operator. Odd parities are acted upon by
TP1. In more general terms the m parity sequence of the seed column can be
partitioned into two types m parity sequences: The odd parities manifest as cs2,
while the even parities manifest as rhsl. (This is listed in Table 2. The key to
explaining this table is in Table 1. Here, for a given row, in the last column, resides
an abridged height sequence with its associated abridged m parity sequence. The
respective shorthand notation is in the same row of the first column.)

Now to focus on the m parities where m > 0 (the even parities). These will be
m — 1 parities in the next move (by the DV2 operation). The rhsi, acted upon by
DV2, becomes rhs? (since division by 2 decreases the order of the ruler harmonic
sequence by 1, refer to Theorem 6.1 and equation 28).

What is less straight forward is what happens to the 0 parities (the odd parities),
in the next move. Observe the 0 parities in column O (in the right diagram of
Figure 11). The TP1 operator multiplies the common difference of an arithmetic
progression by three (refer to equation 31. Effectively, after TP1 the resulting
arithmetic progression of 2 - N3 becomes 6 - Nyg. Also, the T'P1 operator adds 1
to each element of an arithmetic progression and in the process toggling the odd
parity sequence to an even parity sequence. The m parity sequence type is set to
rhst. Since:

i. These m parities of odd integers can be described in terms of L parities
(look ahead parities, defined in Section E.1). How L parity sequences are
generated is shown in Figure 30 and also in the orange bars in Figure 7. This
last figure, along with its accompanying notes, illustrates graphically the
effect of how choosing the common difference and origin, of an arithmetic
progression, determines the m parity sequence type and order.

ii. In general, partitioning every alternate element of an arithmetic progression
results in two arithmetic progressions (refer to Lemma 9.1); their m parity
sequence type is either rhs® or cs®. Which type depends on the origin of
their input arithmetic progression and it’s common difference. (Refer to
Section 7.)

In what follows, excerpts from Figure 11 are used to form Table 1 which in turn is
used to explain how Table 2 is built. The frequencys of cs2 and rhs? for a,b € Ny for
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each move of this Table 2, along the frequencies of later moves are summarized in
Table 3 and Table 4.

Note that the flute lengths in the Cascade of m Parities Figure 11, are twice as
long as in the Cascade of Heights and the Cascade of Offsets. This is because flute
tessellation occurs half as often in the Cascade m Parities as in other cascades.
The reason: m parities determine the manifestations of height and offset for the
next move which is in a height or offset cascade flute that is twice as long as the
previous flute. By design, the number of interleaving arithmetic progressions is
doubled for each successive move (thereby doubling the flute length from move to
move). This allows for all allowable possible permutations of standard parities,
ones phobic binaries, to be used as inputs. The number of allowable distinct
permutations is < 2" (the cascade seed range), where n is the number of moves
(or the path length of the cascade). Two odd parity moves are not allowed to
follow each other. In this case, even parity moves supplant successive odd parity
moves. This is illustrated in Figure 11. The actual number of distinct ones-phobic
paths is §Fp42 the (n + 2)th Fibonacci number, refer to Table 10 and Appendix C.
To summarize, the arithmetic progressions which are made from each phase shift
congruent element from successive column-wise flutes in each column of Figure 11
are tabulated in Table 2.

How entries in Table 2 are derived can be shown by comparing the entries of
move 2 from Table 2 with the Cascade of Heights and the Cascade of m Parities
Figure 11. Here, the seed range, or row range, (the length of a flute for the Cascade
of Heights and the Cascade of Offsets, but not the Cascade of m Parities), is
Ar = 4.

In Table 1, the first column entry (of the top part), whose subscript 2 is the
first phase shift of the top flute of the Cascade of Heights of Figure 11 (also the
first element of the adjacent heights sub-sequence of the second column). The
leading coefficient 6 is the first phase shift of the top flute of the Cascade of Offsets.
The first column entry (of the bottom part), is the m parity sequence (also the
first element of the adjacent m parity sub-sequence of the second column).

In the second column (of Table 1), the entries (of the top part), interleave to
form the move 2 column of the Cascade of Heights of Figure 11. That is, the
first element of the four sequences form the first four elements of the Cascade
of Heights (move 2). The arrows in the Figure 11 point from an entry from a
previous move. The arrows split to point two entries that are partitions of the
previous entry. These partitions are interleaving sub-sequences of the sequence of
the previous move. Then a succeeding arrow points to the entry of the next move
(here the TP1 or DV2 operator has been applied).

The interleave approach is used to build the remaining columns of Table 2.
That is, a cascade column is partitioned into interleaving sequences to generate the
next column. Note how interleaving doubles the arithmetic progression common
difference. Why? The arithmetic progression is a sequence of phase shift congruent
heights. When forming an interleaved sequence, every alternating height forms one
sub-sequence; while the remaining heights form the other. Essentially, an offset is
skipped from each sub-sequence. This would cause sub-sequence heights to be less
than what they should be. In order to compensate, for skipping each alternate
offset, the offsets are doubled.

The doubled offsets are changed again (as shown by succeeding that point to
the next move column). Either TP1, or DV2, changes the leading coefficient again.
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Which operator used depends on the standard parity (of the sub-scripted entry of
the preceding partition column). The operator adjusted offsets form the flute of
the next move (in the Cascade of Offsets).

Table 1: Arithmetic Progression and m Parity Notations Alongside Their Expan-
sions

move 2
Ar =4
arithmetic progression their
with its m parity sequence expansion

6 - Ny 2, 8,14,20,26,---,92
rhst 1, 3,1, 2, 1,---, 1
6 - Ny 4,10,16,22,28,--- ,94
rhst 2,1, 4, 1, 2,---, 2
6- N5 5,11,17,23,29,--- ,95
cs? 0, 0, 0, 0, 0,---, O
1- Nl 17 ) ) ) ) ) 16
Thsg 07 ) ) ) ) 9 5
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Table 2: Arithmetic Progressions With Their m Parity Sequences Within a

Flute For a Given Move

move 0 partitioning move 1 partitioning move 2 partitioning move 3
by order by order by order
Ar=1 Ar =2 Ar =2 Ar =4 Ar =4 Ar =38 Ar =38
N 2 - Ny 6 - Ny 12 - Ny 6 - No 12 - Ny 6 - Nq
1 2 1
rhs® csY rhs= rhs* rhs= cst csY
2Ny 12 - Ny 6 - Ny
1 2 1
rhs rhs* rhs=
12 - N5 36 - N1g
2
cs? rhs®
2Ny 6- Ny
1
cs2 rhs=
12 - Ng 6-Ny
' 2 1
rhs* rhs
12-N - N
A move is denoted in red bold face. Columns are also color 10 6 5
coded by move. A following column of the same color is ol .0
P A CS CS
for the same move, now partitioned into two sequences.
The seed range (or cascade row range is denoted by Ar.
The entries below the seed range row are composed of an N 12 N11 36 - N’M
arithmetic progression followed immediately below by ~ ‘
an m parity sequence type. The arithmetic progression CSQ (351
notation is defined in Section 1. While m parity sequence
types are defined in Section 5 An arrow pair points from
an entry of a sequence to a pair of partitioned sequences 2. N2 1- Nl
(as interleaved), sequence entries. Interleaved sequences )
can be observed in the tables of Figure 11 rhgl /,]]/59

Remark 5.1 is used in the following: Note,
with regards to the approaching m parity
frequency distribution for finitely large
seed ranges: In move 0, combining the oc-
currences of ¢s®=! with the occurrences of
rhs®, yields the frequency of occurrence
of rhs®=L. In move 1, combining the oc-
currences of c¢s®=L with the occurrences of
rhs®, yields the frequency of occurrence of

rhslF=1,



The key for the iterative forms below each table is as follows:

For both tables: A, is column 0, B,, is column 1, D,, refers to column 2

or a succeeding column, C,, refers to the column preceding D,,. While the
iteration subscript n is also the exponent in 2" whose result is the range or
the flute length, which resides in the cascade column of move n.
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Table 3: CS Frequency Distribution of Each Order At a Given Move From a

Cascade

g
S
2
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20 3

0 1

0 0

0 0

1 0

2 1

5 3

10 8
21 18
42 39
85 81
170 166
341 336
682 677
1365 1359
2730 2724
5461 5454

74762 174753
49525 349515

87300
17467

CS Order (red text)

3

Ga=O O

17

47
116
266
582
1234
2563
5251
10663
21529
43310
86928

4

20745
42274

Iterative form: A, = 2A4,,_1 + (n mod 2),

5

738
1772
4040
8871

18953

B, = Bn_-1+ An_1,

6 7 8
0
0
1 0
8 0
38 1 0
138 9 0
424 47 1

1162 185 10
2934 609 57
6974 1771 242

_

= =00

0
0

Dy = Dp—1+Cr_2

Table 4: RHS Frequency Distribution of Each Order At a Given Move From a

Cascade
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RHS Order (red text)

4

a=O O

15
35
70
126
210
330
495
715
1001
1365
1820
2380

5

6

N~ 00

28
84
210
462
924
1716
3003
5005

7

8 9 1
0
0
1 0
9 0
45 1
165 10
495 55
1287 220 1

0

0
0
1
1
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0
0

(Pascals Triangle Left Justified With Succeeding Columns Shifted Down One Cell)

Iterative form: A,, =

1,

Bn

E N

Dy

Dyp_1 + Cn—2



9.7 Generalized Evaluation of Offsets
9.7.1 Generating Offsets for Flutes at the Column of the First Move

Note: In the calculus of finite differences Ak = 0, where k is a constant (no
change in a constant).

First, equations are generated for the first flute (column 1). The range is
Ar = 2move = 21 — 2 This is the length of a flute by Definition 8.3. Next,
proceed from seed values to the column holding the first move.

If the input is even, apply the DV2 rule to obtain the offset:

A (g) = % (Ar) = %(2) =1 (32)

If the input is odd, apply the TP1 rule to obtain the offset:
AQ@Br+1)=3Ar+A1=3(2)+0=6 (33)

Note: Successive values in the seed column increment by 1 (by design). Successive
values in column 1 in figure 8a increment by the alternate offsets of 1 or 6. Results
from equations (32) and (33) are the offsets for the first flute.

9.7.2 Generating Offsets for Flutes for the Column of the Second
Move

Continuing in a similar fashion to obtain the general equations for the flute of
the second move column. The range 2"°%¢ = 22 (labeled as 2). using (25) in
composition:

AAr)=Nr=22=14 (34)

Since, an odd move cannot lead to an odd move. (By the rationale of Section 3.1
which is by design from equation 1). Then, in general, there are three possible
outcomes. However, there are four possible inputs for A%r = 4, two even and two
odd. The even and odd heights alternate (as a consequence of the two flutes of
the previous column that are used as input (they contain the preceding moves),
to a flute in the current column.

Equations 32 and 33 can be reused through composition. Then equations for the

second move (column labeled 2 in figure 8a) are:

Even height followed by even height,

(Ar) A?r
AN2) 2

2 2

NJINIIS
I
—
—~
w
ot
=



Odd height followed by even height,

A
A(3;+1>22A2r+m:3(4)+0:6 (36)

Even height followed by odd height,

Ar+1 1
A% = A%+ Az = 2 +0=6 (37)

Generating Equations for the Flute of Column 2. equations in this order: (35),
(36), (37), and again (36); generate the offsets that are demarcated by the next
larger flute. there are an equal number of even and odd first stage inputs (seed
values). that is why (36) repeats.

9.7.3 Repeated Compositions (Generating an Offset for a Flute of
Size 2")

More generally for repeated compositions of (25), we define the difference between
values whose difference is a power of two, as:

AD(AG 7)) 2 A = 27 (38)

For repeated compositions of (33). The 3 prefix is kept as a repeat multiplier, a
times, for repeated compositions (applications), by the A% operator. The isolated
+1 term remains constant, consequently, the A of a constant is zero, (no change
in a constant). Let a = number of odd compositions, using (38) yields:

A% (3r+1) = A%(3r) + A%l = 39A%% 4+ 0 = 3°A%r (39)

For repeated compositions of (32). The 2 is kept as a divisor by the A operator.
Let b = number of even compositions, correspondingly:

N (g) LN (40)

Combining (39) and (40) for an arbitrary fluctuating path, through repeated
compositions.

3a a 3a a a
ﬁ(m ) = % (2¢T) =6 (41)

To illustrate with an example (which is checked in Section 9.7.4). Begin with

the table coordinate (column labeled 5, row labeled 87) of figure 8a. The height
is 592. Proceed to the corresponding position at the next lower flute located
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directly below. (Note: The fifth column after the seed column is being used.)
Thereby, we let n = 5 in equation (38). The seed range becomes A°r = 2°. The
coordinates are: (column labeled 5, row labeled 119). Here the height is 808. The
offset between these coordinates is,

808 — 592 = 216 = 6° (42)

Summarizing with a conclusion to this section.

Remark 9.3 (All Offsets Are a Power of Six and They Tessellate Within Flutes).
The result of equation 41 demonstrates that all offsets are a power of six.

The ordered offsets of a flute, of a given length 2™, can be evaluated (developed
in Section 8.1 up to and including Section 9.7.3). As a consequence, the offsets
tessellate (as a collection among column-wise flutes which tile end to end).

9.7.4 Introducing the Ones-Phobic Binary

To further distinguish a binary from a ones-phobic binary the following symbols
are used: @ for 1 and O for 0. In a cascade, for a given path following a seed,
encode odd values (or 'rises’), as ®. Encode even values (or falls’), as 0. Ones-
phobic binary symbols are used in figure 8. Also, to further differentiate patterns,
differently shaded squares are used (as in 18).*

Note that no two ones are next to each other. This due to the fact that TP1
always produces an even result, explained in Section 3.1.

Ones-phobic binaries are displayed in figure 9, figure 10, figure 16, and are
discussed in appendix D.

Excluding the header, call a row of figure 2, a ones phobic binary, which is
denoted by P,,. Where, P,, refers to a ones-phobic binary consisting of n bits.
That is n, the number of bits, corresponds to the number of moves, or path length,
of a cascade row (or part of a row); this includes the seed column. To more readily
evaluate the offset at a given cell in a cascade re-implement equation (41). That
is, the result in (41) is determined by the exponent a. This is the number of TP1
operations (rises or ®’s in P,,), which re-implements as:

O(P,) =6%"" (43)
By design, the n, in P,,, designates the columnar position of the offset. These

results, using equation (43), are shown in figure 8b . By definition, ) P, is the
sum of the bits in P,, . Example:

Using the path, of five moves, starting with the seed value, in the row labeled
87 up to the column labeled 5.

4This allows for easier visual pattern recognition.
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Here,
P5 = 10101 (44)

substituting in,
0(Ps) = 6=P> = 6% = 216 (45)

The result of (45) checks with (42).

9.8 Relating an Offset Cascade to a Ones-Phobic Cascade

The generalization of an arbitrary row from the left sub-figure of figure 9 in terms
of powers of 6, looks something like:

6" 6" .- 6n+1 6n+1 . 6n+2 6n+2 L. (46)

The focus is now on a subsequence of offsets with the same exponent in (46).
Then all have the same offset. However, the offset of the next move (in the next
column to the right), is incremented half as often as the offset in the column of
the previous move (demonstrated in Section 8.1). In a cascade, a path height
is determined by it’s associated offset and the number of times that offset is
incremented. This increment frequency of the offset is determined by the position
of the containing flute, relative to other flutes, within that column. This is more
readily observed (and explained), by delineating a column with flutes. recall
the definition of a flute in Section 8.3. A flute contains consecutive offsets in a
sub-column whose length is a power of two. The length requirement ensures that
a flute will tessellate (repeat), along the entire length of the column of the full
cascade. That is, for a given flute, another flute below (or above, if it exists), in
the same column, has the same pattern of offsets. (This is observed, column-wise,
by the flutes in 8a. The general case is covered in Remark 9.3.) This tessellation
is illustrated in Figure 28 and Figure 27

For an arbitrary selected column, flutes in the neighbouring column to the right
are twice as long as those in the selected column (by definition, in Section 8.3).
This means that, at a given row, an offset occurs twice as often as that of the
neighbouring rightward offset. The offset frequency can be used to determine
inequality relationships between row-wise adjacent pairs of offsets.

Initial heights (those prior to offset addition), set the direction of the inequality.
Refer to equations 47 and 49. Initial heights are less than the offset that is added
to them. Otherwise, they would contain an offset (that was added previously).
The effect of the initial heights, on the inequality relation, decreases by repeated
addition of offsets along with the offset magnitude (determined by n in 6™). The
initial heights remain constant; by themselves they do not alter the inequality
relationship of heights between row-wise adjacent pairs. (To avoid obfuscation,
the initial heights are not shown below in equations 47 and 49.)
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9.9 Offset Pair With the Same Exponent

Let a pair of heights, in the same row and in adjacent columns, be expressed as
offsets (from an offset cascade). Let the leading height, of the pair, be larger than
the trailing height (heights are descending). These heights can be factored into
a power of six and another factor k. Where k is the offset increment count. A
flute in the column of a following move is twice as long as a flute in the previous
column. Consequently, k is half as large in the following move. In general, let’s
focus on a row-wise contiguous pair of offsets. Looking at a pair of offsets that
are the same.

k6™ > 26” (47)

9.10 Offset Pair With Different Exponents

Now let’s focus on an offset pair, contiguous along a row, where the latter offset
has a factor being a higher exponent.

k6" < 5(6"“) (48)

k6" < 3k6™ (49)

Note to summarize: As evident in equations (47) and (49), order relations
of are preserved by successive additions of offsets. Since in equation (47), the
left hand side is greater than the right hand side. A falling move has occurred.
then, by equation 1, the leading height is even. Let an even height be represented
by 0. Conversely in (49), the left-hand side is less than the right-hand side. A
rising move has occurred (which is represented by 1). In this way a ones-phobic
cascade can be directly derived from an offset cascade (without referring to heights
directly).

Consequently, each offset in a full cascade can be replaced with it’s ones-phobic
counterpart. Seed values and columnar headers (as powers of two) are used as
coordinate reference points. The result is in the right sub-figure of figure 9.

10 Frequency Effects on Ones-Phobic Binaries

Begin with a ones-phobic binary of length k within a 2¥ seed range. Section 4.1
and appendix Section E.2 are an introduction to the rest of this section.
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10.1 The Effect of Prepending a Zero

Prepend a zero bit to a on